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Abstract

Hermitian positive Jordan triple systems (HPJTS) correspond to bounded symmetric complex
domains. We give a survey of the properties of HPJTS and especially of their generic minimal
polynomial. As an application, we give a description of the canonical projective realization of the
compactification. It turns out that for a natural normalization, the Euclidean volume of a bounded
circled homogeneous complex domain is an integer which is equal to the projective degree of the
above compactification. The properties of the generic minimal polynomial also lead to the concept
of polynomial morphisms of JTS, for which some open problems are stated.

1 Hermitian positive Jordan triple systems

Definition 1 Let V be a finite dimensional complex vector space. A structure of Jordan triple system
over V is a ternary product (the Jordan triple product) (z,y, 2) = {zyz} = D(z,y)z = Q(z,2)y which is
complex bilinear and symmetric with respect to (z, z), complex antilinear with respect to y and satisfies
the Jordan identity

{zy{urw}} — {ue{zyw}} = {{zyu}vw} - {u{vzy}w}.

A Jordan triple system is said hermitian positive if (ulv) = tr D(u,v) is positive definite.

The quadratic representation

is defined by
1
Qe)y = 3 ave).

The following fundamental identity for the quadratic representation is a consequence of the Jordan
identity :

Q(Q(x)y) = Q(=)Q()Q(=):
The Bergman operator B is defined by

B(z,y) = I - D(z,y) + Q(z)Q(y),

where I denotes the identity operator in V. Tt is also a consequence of the Jordan identity that the
following fundamental identity holds for the Bergman operator :

Q(B(z,y)2) = B(z,y)Q(2)B(y, 2).

Example 1 Type L, 1 < p<q: V = M\/,H(C) (space of p x g matrices with complez entries),

endowed with the triple product
{zyz} = z'yz + 2'Yz.

Example 2 Type I, : V = A\(C) (space of n X n alternating matrices) with the same triple product.

411




Bectaux TI'y, 1.2, BbIn.4, 1997

Example 3 Type 111, - v = S\(C) (space of n x n symmetric matrices) with the same triple product.
Example 4 Type IVy : V =C™ with the quadratic operator defined by

Q2)y = q(z, W)z — q(z)7,
where g(z) = Y0, g(z,y) = 25 2,5,

Example 5 Type VI:V = H5(Oc), the space of 3x 3 matrices with entries in the space Oc of octonions
over C, which are hermitian with respect to the Cayley conjugation ; the quadratic operator is defined by

@)y = (zly)e - 2t x 3,

where x denotes the Freudenthal product, & the adjoint matriz in H3(Oc) and (z|y) the standard her-
matian product in My (O¢). )

Example 6 Type V.V = Me,(Oc), the subspace of M, (Oc) consisting in matrices of the form

0 as Elz
as 0 0
as 0 0

with the same quadratic operator. Here @ denotes the Cayley conjugate ofa € Oc.

Actually, the preceding examples exhaust the list of simple Hermitian positive Jordan triple systems.

2 The generic minimal polynomial

2.1 The generic minimal polynomial of a unital Jordan algebra

Recall that a (finite dimensional) Jordan algebra over C is a complex vector space 4 with a comrnutative
bilinear product (z,9) — zy satisfying the Jordan identity

z(z?y) = z?(zy).

It is known that a Jordan algebra is power associative, Assume that the Jordan algebra A has a unit
element e. Then for each z € A and each polynomial p € C[T], it is possible to define p(z) in the usual
way ; the map p — p(z) is then an algebra homomorphism, whose kernel Ty is an ideal of C[T]. The
monic generator m, of Zg is the minimal polynomial of z ; its degree is the rank of z An element ¢ € 4
1s called regular if its rank is maximal ; the rank of regular elements is called the rank of the Jordan
algebra A. The following result holds in a finite dimensional Jordan algebra with unit element (and more
generally in a power associative algebra) :

Proposition 1 There ezist polynomials my, . . oM on A, of respective degrees 1, . . T, such that, for
each regular element ¢ ¢ A, the minimal polynomial m, is equal to

My =17 —my ()T 4 .. 4 (=1)"m,(z).
Definition 2 The polynomial
m(T,z) =T — my(z)T" 4y (=1)m,(z)

ts called the gencric minimal polynomial of 4 at z. The linear form m; is called the generic trace and
the polynomial m;, 1s called the determinant and denoted m, = det.

The following relations hold -
m(A, z) = det(Ae — ), dete = 1, det(P(z)y) = (det 2)? det y.
Here P denotes the quadratic operator of the Jordan algebra A :

P(z)y = 22(zy) — 22y,
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~

2.2 The generic minimal polynomial of a Jordan algebra

Here we consider a Jordan algebra A over C, but we don’t further assume it has a unit element. Let
A = C & A the algebra obtained from A in the usual way : A @ z)(p®y) = Ap® (Ay + px + zy). It is
easy to check that A is a Jordan algebra with unit element é = 1 © 0. The generic minimal polynomial
m of 0@ z in A has the form m(7T,0 ® z) = Tm(T,z). If A has already a unit element, then m(T, z)
coincides with the previously defined generic minimal polynomial.

In the general case, the relation m(T,0® ) = Tm(T, z) will be taken as the definition of the generic

minimal polynomial m(7T, z).The generic norm is N(z) = m(1,z). One has &gt-(/\ & —z)=Am(X ) and
det(1 ® —z) = N(z), where det denotes the determinant in A. An element z € A is said to be regular if

0% z is regular in A, which is equivalent to say that <;1:, €2, ..., 1:'+1> has maximal dimension r.

2.3 The generic minimal polynomial of a Jordan triple system

Let us consider now a Jordan triple system V. If y € V| a structure of Jordan algebra, denoted V) s
defined by taking on V the product oy defined by

1
Toyz= §{xyz}

Then V(¥ is a Jordan algebra. We say that (z,y) € V x V is regular if V¥) has maximal rank and if z is
regular in V(%) The number r = max{p(y);y € V'}, where p(y) denotes the rank of the Jordan algebra
V(¥) is called the rank of the Jordan triple system V.

Theorem 1 Let V be a Jordan triple system of rank r. There exist (real) polynomials my,...,m, on
V xV, homogeneous of respective bidegrees (1,1), ..., (r,7), such that for each regular pair (z,y) € V xV,
the minimal polynomial of x in V) is equal to

T —m(z, )T 4+ (=1 m, (2, y).
Here V denotes the space V with the conjugate complex structure.
Definition 3 The polynomial
m(T,z,y) =T —m (e, )T+ -+ (=1) m, (2. y)

is called the generic minimal polynomialof V (at (z,y)). The (inhomogeneous) polynomial N : VxV —C
defined by
N(z,y) =m(l,z,y)

is called the generic norm.
Proposition 2 The following identities hold for the polynomials my (1 <k <r) :

mi(z,y) = m(y, 2),

mi(Q(2)y, 2) = mi(z, Qy)2)-

Hereunder are the minimal polynomials corresponding to some examples listed in the preceding section

1. Type I, , : m(T,z,y) = Det (TI, — xy*), where Det is the usual determinant of square matrices.
2. Type 111, : m(T,z,y) = Det (TI, — zy™).

3. Type IV, : m(T,z,y) = T? — q(z,7) + q(z)q(7).
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3 Inverse and quasi-inverse

3.1 Invertibility in a Jordan algebra with unit element

Let A be a Jordan algebra with unit element e. Recall that the quadratic operator P in A is defined by
P(z)y = 2z(zy) — 2*y. For a € A, we denote by C[a] the unital subalgebra generated by a.

Theorem 2 For a € A, the following properties are equivalent :

1. a is invertible in Cld] ;

2. P(a) is invertible ;

3. e is in the range of P(a) ;

4. therc exists b € A such that P(a)b=a and P(a)b? = ¢ ;
5. deta #0.

If an element a € A satisfies to these equivalent conditions, then it is called invertible in the Jordan
algebra A ; if a is invertible, the element a=! = P(a)~'a is called the inverse of a. Note that ab = e, but
this last condition is in general not sufficient for a to be invertible in the above sense.

3.2 Quasi-invertibility in a Jordan algebra

Let A be a Jordan algebra and let A = C®A the corresponding unital algebra. For z € A, we denote by
L(z) the multiplication operator : L(z)y = zy.

Definition 4 An element z € A is called quasi-invertible iff 1@ —z is invertible in the unital Jordan
algebra A. If z € A 1s quasi-invertible, the quasi-inverse of z is the element z such that 1@ z is the
inverse of 1 & —z in A.

Theorem 3 For x € A, the following properties are equivalent :

1. z s quasi-invertible ;

2. there exists z € Co[z] (z s the value at © of a polynomial withou! constant coefficient) such that
z—xT =2z

3. the lincar operator I — 2L(x) + P(2) is invertiblc on A ;
4. 2z — 22 is in the range of [ — 2L(2) + P(2) ;
5. there exists z € A such that (I —2L(z) + P(z))z =z — 2% and (I — 2L(z) + P(2))z? = 22 ;
6. N(z) # 0.
If @ is quasi-invertible, its quasi-inverse is given by
z=(1-2L(z)+ P(x)) " 'a?

if z is close to 0, one also has z =3 7 | z".

3.3 Quasi-invertibility in a Jordan triple system

Let V be a Jordan triple system. For y € V, recall that V) is the Jordan algebra obtained by taking on
V' the product x oy z = §{zyz}. The operators L and P for V) turn out to be L,(z) = %D(:L‘,y) and
P,(z) = Q(z)Q(y). As a consequence, [ —2Ly(z) + Py(z) = B(z,y), the Bergman operator.

Definition 5 A pair (z,y) € V xV is celled quasi-invertible iff z is quasi-invertible in the Jordan algebra
V). The quasi-inverse z¥ is the quasi-inverse of z in V.

Theorem 4 For (z,y) € V x V, the following conditions are equivalent :
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-

1. the pair (z,y) is quasi-invertible ;

the Bergman operator B(z,y) is invertible ;

there exists z € V such that B(z,y)z = ¢ — Q(z)y and B(z,y)Q(z)y = Q(z)y ;
the element 2z — Q(z)y belongs to the range of B(z,y) ;

N(z,y) #0.

If (x,y) is quasi-invertible, the quasi-inverse z¥ is given by

¥ = B(z, y)”l(x - Q(z)y).

If = 1s close to 0, then z¥ = Zle z("¥) where £(™¥) denotes the n-th power of = in the Jordan algebra
V),

Quasi-invertibility has the following symmetry property :

Sro e o

Proposition 3 A pair (z,y) is quasi-invertible iff (y, z) is quasi-invertible ; then y* = y+ Q(y)z¥.

4 Spectral theory

iFrom now on, V is a hermitian positive Jordan triple system. Moreover, we will assume that V' is simple,
that is V' is not the direct sum of two non trivial subsystems with component-wise triple product. Any
hermitian positive Jordan triple system is in fact semi-simple, that is the direct sum of a finite family of
simple subsystems.

An automorphism f : V. — V of the Jordan triple system V is a complex linear isomorphism
preserving the triple product © f{u,v, w} = { fu, fv, fw}. The automorphims of V form a group, denoted
Aut V, which is a compact Lie group ; we will denote by K its identity component.

Definition 6 An element ¢ € V is called tripotent if ¢ is an idempotent in V(¢)| that is if {cee} = 2¢.
Proposition 4 Ifc is a tripotent, the operator D(c, ¢) annihilates the polynomial T(T — 1)(T — 2).

Definition 7 Let e be a tripotent. The decomposition V = Vy(c) & Vi(e) @ Va(e), where Vi(c) is the
eigenspace Vi(c) = {z € V'; D(c,c)x = jr}, is called the Peirce decomposition of V' (with respect to the
tripotent c).

Definition 8 Two tripotents ¢ and ¢y are called orthogonal if D(cy,cq) = 0.

If ¢; and ¢y are orthogonal tripotents, then D(cl,cl) and D(cg, c2) commute and ¢ + c¢a is also a
tripotent.

Definition 9 A non zero tripotent ¢ is primitive if it is not the sum of non zero orthogonal tripotents.
A tripotent ¢ is maximal if there is no non zero tripotent orthogonal to ¢. A frame of V is a maximal
sequernce (cy,...,¢,) of pairwise orthogonal primitive tripotents.

Definition 10 Let ¢ = (cq,...,cr) be a frame. For 0<i<j<r, let
- 7. _(sk o <k .
Vij(c) = {xEV, D(cy, g )x = (§; +6j )x, 1§k§r}.

the decomposition V = @0<i<].<r Vij(e) is called the simultaneous Peirce decomposition with respect to
the frame c. T

Theorem 5 Let V' be a simple hermitian positive Jordan triple system. Then there erist frames for
V. All frames have the samc number of elements, which is equal to the rank r of V. The subspaces
Vij = Vij(c) of the simultaneous Peirce decomposition have the following properties : Voy = 0 ; Vii = Ce;
(0 <i); all Vij’s (0 < i< j) have the same dimension ; all Vp;'s (0 < 1) have the same dimension. The
group K acts transitively on the manifold F of frames of V.

415



Bectuuk TI'Y, 1.2, Bhin.4, 1997

Definition 11 The numerical invariants of V are
a=dimV;; (0<i<j),
b=dimVy (0 <19).
The genus of V is the number defined by
g=2+a(r—1)+5b.

Theorem 6 Let V be a simple hermitian positive Jordan triple system. Then any z € V can be writien

i a untque way
T = Alcl +A2C2+ "'+Apcpy

where Ay > Az > -+ > A, > 0 and ¢y, ¢2...,¢p are pairwise orthogonal tripotents. The element z 1s
reqular iff p=r ; then (c1,c2...,¢.) 15 a frame of V. ‘

Definition 12 The decomposition = Ajcy + Azea + -+ Apcp s called spectral decomposition of z.

The following proposition shows the relation between the generic minimal polynomial and the eigen-
values Aj, Az, ..., A, of a regular element z.

Proposition 5 Let V be a simple hermitian positive Jordan triple system. Letz = Ajci+Aaca+---+Arcr
be the spectral decomposition of a regular element x. Then the generic minimal polynomial at (z,z) s

r

m(T,z,z) = H(T —\3.

i=1
The following identities hold :
det B(z,y) N{z,y)?,
tI‘D(ny) = gml(r,y).

11

5 Schmid decomposition

Let V be a simple hermitian positive Jordan triple system. We denote by P(V) the space of complex
polynomials on V. The group K acts naturally on PV).

Definition 13 Forn = (n_l,nz,...,nr) € NY withny > ny > - > n, >0, let mp be the unique
complez polynomial on V x V such that, for each regular z wilh spectral decomposition © = Aycy + Agca -+
-4 Arcy, the value of mp at (z,z) is

mn(z, ¢) = Z )\1-21"1/\?2”2 LA
Fory € V, we denote by mn y the polynomial on V defined by
mn,y(z) = mn(z,y)
and by Pn(V) the subspace of P(V) spanned by the polynomials mnyy, y € V.

k times

—
Remark 1 Let 1 < k < 7 ; let us denote by < k > the multi-integer < k >= (1,...1,0,. .,0). Then
Mers = my, the homogeneous component of bidegree (k, k) of the generic norm.

Theorem 7 (Schmnid decomposition) The space P(V) admils the following decomposition into irreducible,
pairwise inequivalent K-modules :
P() = D Pu(V),
n>0
where n > 0 forn = (ny,np,...,ny) € N means ny > ng > --- > n, > 0. Moreover, the polynomial
mn is a reproducing kernel for Pn(V), which means there is an hermitian scalar product ( | ) on Pn(V)
such that

mn(:c,y) = (mn,xlmn,y).
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Let us consider the (antilinear) isomorphism ¢ : V' — V* defined by
9(y)(z) = mi(z,y) = ¢~ tr D(x,¥).

Using this isomorphism, we get an antilinear isomorphism ¢ : P(V) — (,V, where (O, V is the
symmetric algebra of V. For n > 0, let Vn = ¢(Pn(V)) and on : V — Vn C Oy V defined by
on(y) = pommny (y € V). The hermitian scalar product ( | ) is also transferred from Pn(V) to Vn ; the
following relation then holds :

mn(z,y) = (on(z)lon(y))-

Note that og(z) = 1 and that o<,5 : V — V' is the identity map.

6 Compactification

6.1 Compactification of an hermitian positive Jordan triple system

The following description of the compactification has been given by O. Loos. Let V be an HPJTS ; one
can define an equivalence relation ~ on V x V by

(z,y) ~ (&', ¥) < ((z,y — ¥ )isquasi — invertible& x’ = xy—yl).

Roughly speaking, this equivalence relation means z¥ = 2’¥'. Let us denote by [z, y] the equivalence class
of (z,y) and by X the quotient space (V x V)/ ~.

Theorem 8 There exists a unique structure of smooth algebraic variety on X such that, for eachv €V,
X, = {[z,v]; 2 € V} is an open affine subvariety and [z,v] — z 15 an 1somorphism of X, on V.

The injection z +— [z,0] of V in X will be called the canonical compactification of V.

6.2 Projective imbedding

Let V be a simple HPJTS of rank 7. For 0 < k < r, we write Vi for Vs and oy for o< Let W be
the subspace of (), V defined by
W = @OSkS"V

and o : V — P(W) the map given by
o(z) =[1,z,00(x),...,0.(2)].
The compactification described above has then the following projective realization.

Theorem 9 Let V be a simple HPJTS of rank r. The closure of o(V) is an algebraic submanifold X
of P(W), which is isomorphic to X, and 0 : V — X 1s isomorphic to the canonical compactification

V — X.

;From now on, we will identify X with X.

6.3 Volume computations

Let o be the Kahler form on V associated to the hermitian inner product m; :

71—
a = ﬁaﬁml

We endow V with the volume form a™ (n = dim V) ; the volume of the unit ball associated to m; is then
equal to 1.

On W = @®o<k<-V, we put the hermitian scalar product ( | ) which is the direct sum of the hermitian
scalar products { | ) on the Vi’s. Let F be defined on W by F(z) = (2 | z) and let 3 be the associated
Fubini-Study form on P(W) :

8 = —Laglog F.
27
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For a smooth submanifold Z of pure dimension d in P(W), the degree of Z in P(W) is then given by

deg Z = / Bl
zZ

In particular, the degree in P(W) of the compactification X of V is

degX:/Xﬂ"z/vo*ﬂ”,

as (V) is an open dense subset of X. From the definition of & and from the relations my (z, z) = (o () |
or(z)), it follows that

* s Y
o' f = ﬁaalog(l +my(z,z)+ -+ m(z,z)) = -ﬁaalogN(:r,—x).

The following proposition allows us to compute o* 3" (where n = dimV).

Proposition 6 The identity
. n
(é@glogN(x,—r)) =det B(z,z)"! a" = N(z,z) " a"

holds in the hermitian positive Jordan triple system V.

Proposition 7 Let
O F x{hoo > A > > Av > 1) — Vo

be the diffeomorphism defined by
B((cr, - ee) Py M) = DAy
Jj=1

here F is the manifold of frames of V and Viey the open dense subset of reqular elements of V. The
pull-back of the volume element o™ by & 1s

,
oot =0 A2 TT (=207 dua.di,
j=1 1<k<<r
where a and b are the numerical invariants of V and © is a K-invariant volume form on V.

Definition 14 Let V be an HPJTS. The bounded symmetric domain D associated to V' is the unit ball
of V for the spectral norm, that is the set of elements z € V whose spectral decomposition is

=X+ A+ F A0

with 1 > A1 > Ay > -~ > A, > 0. We define the real analytic maps 9 : V — Dand ¢ : D — V,
inverse of each other, by

9(z) = Bz, —) Vi =3 N1+ )i
ifz=Aep+Agca+ -+ Apcp €V and
Y(z) = Blz,z) iz =D X1 =)
ifz=Aci+ Ao+ A €D,
Theorem 10 The following relations hold in a simple HPJTS V of dimension n and genus g :
9" (N(z,—z)’a™) = N(z,z)" 9 %a”,
" (N(z,z)’a™) = N(z,—z)7 9 ’a".
Taking s = 0 in the last relation and integrating over V, we get

Theorem 11 The volime of the bounded symmetric domain D (with respect lo the normalized form ™)
is equal to the degree of the compactification X n PW). '
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7 Open pré)blems

1. If one looks over the examples given by the classification, one can see that the Vi's (1 < k <)
have a structure of Jordan triple system, such that ox : V — Vi Is homogeneous of degree k and
is a polynomial morphism of Jordan triple systems, that is satisfies identically

ok (Q(z)y) = Qr(ok(2)) ok (y),
where Qy 1s the quadratic operator for Vi. Understand this JTS structure on V7

9. There are other polynomial morphisms of Jordan triple systems, for example the quadratic repre-

sentation

Q:V — Enda(V)

which is a quadratic morphism as shown by the fundamental identity

QQ(z)) = Q(»)QW)Q().

Understand and classify homogeneous polynomial morphisms between simple hermitian positive

Jordan triple systems?
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