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Abstгaсt

Hетmitian posttivе Jordan triplе sуstеms (HPjTS) сoгrеspond to Ьoundеd symmеtriс сomplех

domains. Wе give a survеy of thе propеrtiеs of I{PJTS and еspeсially of theiг gеnетiс minimal

polуnomial. As an appliсation, wе givе a dеsсription of thе сanoniсal projeсtive rеalization of the

сompaсtif iсation. It йns out that for a пatural normalization, thе Еuсl idеan volumе of a Ьoundеd

сirсlеd homo8еnеous сomplеx domain is an intеgеr whiсh is еqual to thе pтojесtivе dеgrее of the

abovе сompaсtifiсation. Thе propеrtiеs of thе gеnеriс minimal polynomial also lеad to thе сonсеpt

o | pb l у nom i а lmo rph i s п s o J JTS , l o rшh i с hSomeopenp r ob l emsa г e s t а t е d .

1 Hermitian posit ivе Jоrdan triple systеms

Definition 1' Let V be a fintlе
ovеr И is a tегnaгy pтoduсt (thе

сomplех Ьil inеar and symmetгrс
tl iе Jordan idеntity

{ r y { u о u } }  - {u r . { r yш} i  =  \ { : r уu ]1uш}  -  {u{L ' r y} r r , } .

A Joгdan tr ip le systeпr is  sa id hегmit ian pos i t ivе i f  (uIu) = tгD(u,u) is  pos i t ive de{ in i tе.

1 lrt: quaсlгatiс rеpгеsеrrtation

1
QG)у = i{rur)

Гoг thе quadгatiс rергеsеntation is a сonsеquеnсе of thе Joгdan

QQ@)у)  = Q@)Q@)Q@).

The Bегgman opегator B is dеfinеd Ьу

B(a ,v )  =  I  _  D( r , у )  +  Q@)Q(у ) '

rvhегс /  dсnotеs thе idеnt i ty opегatoг i r r  И.  I t  is  a lso a сonsеqt lеnсе of  the Joгdаn ident i tу that thе

follolving fundamеntal idеntity holds for t}iе Bеrgman opеratoг :

Q(B  ( ' ,  у ) , )  
__  B  ( r ,  у )QQ)  B (у '  x ) ,

V = fu|. 'ц(C) (spссe oJ p х q ma|r iсes uith сomplп enlr iеs),
\/

r -  t -

I t у z } = x " у z + z . у x '

Еxaпrplе 2 Tуpе IIn : V =,4t(C) (spaсе of n х n allelnаling mаlricеs) шi\h lhе sаme triplе produсt.

d, imеnsionаl  сomplе l :  uеctor spаce.  А struсture o/ Joгdan tг ip lе systеm

Joгdan  t т i p l e  p гoduс t )  ( r ,  у , z )ё  { "у , }  
-  D ( r , у ) z  =  Q(x , z ) y  wh i сh  i s

with respесt to (r, z), сomplех antil inеar rr' ith геsресt to y and sati."fiеs

is definеd Ьy

Thе follorving fundamental idеntitJ.

idеnt i ty :

Еxаrrrple I Tуpе Ip,q, | < p < q

endo,шеd шt, th the tт ip lе product
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Еxarnple 3 Tуpe III.

Еxamplе 4 Tуpе IVn

.  v ' -

: V -

S1() ftpасe of тt x n sуmmelriс mаtriсеs) шtth the sаmе triplе produсl
C" uith the quаdro,tic operаtor dеfined bу

Q @ ) у = Ч ( r , ! ) x _ q ( " ) ! ,
шherе q(x)  = D"?,  q@'Й = 2L ' ;уt .

Ехamp l e  5  TуpеV I : \ ,=11 - . ( 9 , ) , t h е spасeo f 3х3ma t r i с e sш i t he . n t r i e s i n t hе spaсeОc  
o f  o с t on i on souer Q, uhich аre hеrmitzаn i')п ,,'p,а tЬ п, сoуt,у ,""ili",ь" ; the quаd,ratiс iperator is dеf,ned, bu

Q( ' ) у  =  ( ' | у ) ' _  * !  x ! ,

::;::"-,::;:",|;:,.'|;-a:,o.,,,o", 
produсi, r| thе аd1oint mаlrit in 173(Оg) and (r|у) the stаnrlаrd her-

Ехаmple 6 Tуpe V: V - fuIс,-(()с), thе s 'ubspасe of ]1э(0с) consis l ing in matr ices of the form

( : ,  
[  Т )\o ,  o  o  l

шith the sо,me quаdrа.tic operаlor. Here d, denotes thе Cауlеу conjugo,te of а с Оc.
Aсtualiy, the pгeсeding eхampiеs eхhaust thе list of simplе Hегmitian positivе Joгdan tгiple systеms.

2 Thе generiс minimal polynomial
2.1 Thе gеnеr iс  min imаI pо lynomia l  of  a uni ta l  Jordan a lgebra

*i.J}x1ЗJl'il] ij::l?*ff*?.i,"*"*1Ж.,..ff,i сomplех veсtoг spaсе ,4 with a сomrnutative

"( '2у)  = 
" ,kу) .

] t  is  krrorvп t l rat  a.Joгdаn a igеЬгa is  poш'rr  assос iat ivr .  Asst lmе t l rat  thе Jordar i  a igсЬra,4 l ras a ur i i te lеment e.  Then,o. .o:n ' , ,  с , .а -а 
" . .ь o"r ,"" .ы,:;ш,,;  is  poss iЬ le to dеf inЪ p{x) tnthе usuairvay ; the maр p * 

rq) 
' ' thеn an ulg"li.o homomоrphi.й,.*ho,..k".;;i;;l,".. 

.. i"' 
oГ C[|' Thеnloll lс gсrrсгatoг тn' of Ig is ttrе rrriniпrai pоl1'lrorrri,r.. i, '^ii ' 'а"*.". ', thе гаnk .Г,, ;; еlсnlеtrt r €  ,,1ls сallеd геgulaг if its. rank is maximal ; iь" .onl, of геgulaг еiйents is сallеd thе гank o. t}rе .Jоrсiаn

;.-ffii;ffjJ]:'::жтi:i:l1*; лni.. аi,,'.n.;йorJй"n algeЬгa 'i*ь,'l.tj"mеnt (and morе
PгoJ los i t ion L Thеrе еt is t  po lуnomiа ls  пt1 '  ,  .  ,  'TnГ oneо,сh regulаr  е lemе-nt r  €  А ,  thе min imаl  polуnomiа l  m'

И" = T, .  _ m1(t)T '_\ 1

А  '  o f  r e spес t t , uе  dеgтееs  \ , . , . , I ' ,  suсh  tha t ,  f o tls  еquаl  to

' ' *  ( - 1 ) ' m . ( r ) .

( -1)"  m"(x)

foгпt  n l1  i s  сa l l сd  thе  gеnt l r i с  t гaсе  a l rс l
d е t .

Def in i t ion 2 The polуnomiа l

m(T ,  x )  =  T ,  _  тц ( r )T , - I  +  . .  .  +
ts саllеd l iе gепсгiс minjпla} роl"v.rroпriаl of А at r. Thе linеarthе polynomial rn. is сal]еd ttrе j",... i ' ,",,, 

and dеnotеd rn" =
Tliе foIiorvilrg геiations hold :

m() ,  r )  = dеt ( )e  *  r ) ,  dеt  е  = 1 '  det (P  ( " )у)  = (dеt  r )2  dеt  y
llеrе P dеnotеs thе quadratiс opегatoг of the Jordan algeЬтa ,4 :

P ( ' ) у - 2 x@у )_*у .
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2.2 Thе gеnеriс minimal polynomial of a Joгdan algeЬra

Heге wе сonsidег a Joгdan algеЬra,4 ovеr C, Ьut wе don't furtheг assumе it has a unit еlеmеnt. I,еt
-4' = C Ф ,4 thе algeЬгa oЬtainеd fтom ,4 in tlrе usual way : () Ф ')(р Ф У) = .\p Ф (Ay * рr * ry). It is

еаsу to сheсk that А is a Joгdan algеЬгa with unit еlеment 6 = 1Ф 0. Thе gеnегiс minimal polynomial

й  o f  0Фс  i n  А  has  thе  f o rmЙ(T ,0Фr )  =Tm{T , r ) .  I f  А  has  a l геady  aun i t  e l еmеn t ,  t hеn  m(7 ' r )

сoinсidеs with the pгеviously dеfinеd gеneгiс minimal polуnomial.

In the gеnегal сase, the гelation Й(T,0Фf) = Tm(T,z) wil i Ьe takеn as the definition of the geneгiс

n l in imai  polynomia l  m(7,  r) .The gеnег iс  noгm is  /{(r)  = m(|, t) .  onе has а. t1, l  о -с)  = )m(),  r)  and

й1t о -r)  = l{(r) ,  whегe j i t  dсnotes thе deteгnr inant in,4.  An е lеmеnt r  € ,4  is  sa id to Ье гegulaг i f

0 О r  is  геgulaг in l ,  whiсh is  equiva lеnt to sa1 '  that  ( ' , ' , , . .  . , , .* ' )  has maхimal  d imensio i r  r .

2,3 The gеneriс minimal polynorniаl of a Jordan triplе system

L е t u s с o n s i d е г n o w a J o г d a n t г i p l е s y s t e m V . | f у С V , a s t г u с t u r е o f J o r d a n a l g e Ь r a , d е r r o t е d  t r z ( v ) , i s

dеfinеd Ьy taking on И thе pгoduсt o, definеd Ьy

Ф.oуz=I{ 'o .}' o

11.n y(v) is a Joгdan algeЬгa. Wе say that (r, у) С V x И is геgulaг if И(y) has maхimal rank and if r is

гegulaг inу0).  Thе numЬеr r  = maх{p(y),у СV\,  whеrе p(y) denotеs thе гank of  thе Joгdan a lgеЬra
p.(v) ,  is  сa l lеd thе гank of  thе Jordan tг ip lе systеm И.

Theorem I Lеt  V bе а Jordаn tr ip le sуs lem of rаnk r .  There er is t  ( reа l)  po lуnomiа ls  m1 1 ' . . ,mГ on

\ / x V , h o m o g е n e o u s o f  r e s p е c t i a e b i d е g r е e s ( 1 , 1 ) , . . . , ( , , , ) , s u с h t h a t f o r e а с h т е g u l a r p а i r ( t ' у ) с V x V ,
thе min imаI pоlуnomiа l  of  r  in v,\ ,у )  iS equаl  lo

T "  _  ^ t Q , у ) T , _ I  * .  *  ( _ 1 . ) ,  m " ( r , у )

Hеrе 7 dеnotes thе spaсе И with thе сonjugatе сomplех stгuсtuгe.

Definition З The polуnomza!

п t (T , r , у )  =  T ,  -  r r ]1 ( ; r ,  у )T ,_ '  +  +  ( -1 ) ,m. ( . т .  y )

i s са l l ed l i egеnег i сm in ima l  po l ynomia l o f  И (а t  ( ' ,Ф) .  Thе ( i nhomogеnеous )  po l ynomia l  Л  :УxГ - - .C

dсfilrеd Ь1.
1 { ( , ,  y )  =  m ( \ , t , у )

is  сa l lеd t}rе gеnег iс  noгпr.

Propos i t ior-2 Thе fo l loшing idсntt t iеs hold,  for  the polуnomia ls  mр (1 <,t  l  r )  ;

- ь ( " , у )  -  - { у , ф ,

n r д ( Q ( r ) y ,  , )  =  ^ 1 , 1 , , Q 1 f l ) .

Hеrеundеr aгe thе minimal polynomials сoггеsponding to somе eхamples l istеd in thе preсeding seсtion

1. Typе | , 'o :  m(T,a,у) = Dеt (T1,  _ rу") ,  whеге Dеt is  thе usual  detегminant oГsquarе matг iсes

2 .  l . уpe  l I I , .  :  m(T ,  x , у ) :  Dе t  (7 / "  -  I у . )

3 .  T y p е  I У , ,  :  m ( T , x : , у ) - = T 2  _  q ( x , т ) +  q ( , ) q ( y )
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3 Inversе and quasi.inversе

3.1 InvегtiЬi l i ty in а Joгdan algеbra with unit element

Lеt ,4 bе a Joгdan algеЬra with unit еlеmеnt е' Rесal] that thе quadratiс opегatoг P in А is dеfined Ьy
P( ' )у =2x(rу) _ x2у.Еor с €  - ,{ ,  we dеnotе Ьy C[с] thе uni ta l  suЬаlgeЬгa gеneгatеd Ьу с.

Theorern 2 For сl С А, the folloшing propеrliеs аre equiuаlent :

1.  а is  inuеrt ib le in C{а] , '

2 .  P(а) is  inuеrt ib le , '

3 .  е is  in thе rаnge of  P(a) ,

! .  t h е r с  e r i s t s b С А  s u с h  t h a t  P ( a ) b = а  a n J  P ( а ) b 2  = е  ;

5 .  d e t a # 0 .

If an elemеnt a С А satisfies to thеse еquivalеnt сonditions, thеn it is сal1еd invertiЬlе in thе Jordan
algеЬra А; i f  а is  invегt iЬIе,  thе e iеmеnt o-t  = P@)-1с is  сa l]еd the invеrsе of  o.  Note that с6 = e,  but
this last сondition is in gеnегal not suffiсiеnt foг с to Ье invегtiЬlе in thе aЬovе sеnsе'

3.2 Quasi- inveгtibi l i ty in a Jordan algеbra

Lеt,4 Ьe a Jordan a lgеЬгa and lеt  А= CaА the сoгrеsponding uni ta l  a lgеЬra.  For.r  € ,4 ,  wе dеnotе b1, '
l ( r)  the mult ip l iсat ion opеratoг :  L(с)у -  xу.

Г)сf in i t ion 4 Аn e lс:тnсnt r  €  А is  cа l lсr l  qLras i - i r rvегt iЬ lс  i f f  1 ф -r  is  invегt iЬ lс  i r r  thе uni ta l  Jогdan
algеЬra А.  тf  '  с  ,4- is  quas i inveгt iЬ lе,  thс quas i . invегsе of  r  is  thе е lсmеnt z suсh that 1О z is  thе
invегsе of ] Ф -r iхl А.

Thеoreтn 3 For r С А, thе .folloшing pтopетIiеs аrе еr1uiuаlеnt

д  j .  qu r r с r - r l t  r е r t i b l е

lhете еr is t . ;  z  €  Cgfr l  (z  is  lhс t ,аIuс аt  t  of  а polуnomiа l  u ' i thout сo l ts lапt сoеf l iс . iепt)  suсh thпt
L  -  L  -  & L  ,

3 .  thс  l i п са r  opет ,a to r  I  _  2L ( r )  +  Р ( z )  l s  i n t , е r l i b l с  on  А  , .

l .  2 , ,  -  12  i s  i n  7hе  rапgе  o f  I  - 2L ( l : )  *  Р ( r )  ;

5 .  t hе rе  e r i s t s  z  С  А  suсh  |hа t  ( I  _2L ( t )  +  P ( r ) ) z  =  r  _  12  аnd  ( I  - 2L ( r )  *  P ( t ) ) z2  -  12  ;

6 .  N (x )  t '  0 .

I f  r  is  quas i - iпvегt iЬ lе,  i ts  quas i_ invегsе is  g ivеn Ьy

z  =  ( I  -  2 L ( r )  *  P ( r ) ) - r  1 2 ,

i f  r  i s  с l o sе  to  0 ,  onе  a l so  has  z  =| i _ , x " .

3.3 Quasi- irrvеrtiЬi l i ty irr a Joгdan triplе SystеlТl

I ,еt  И Ье a Jordarr  t r ip lс  sуstепl .  Гor y €  У ,  rесa l l  111.g y(v) is  thе Jordaт i  a lgеЬга oЬta inсс l  Ьу ' tаk iтrg on
И  thс  p гoduс t  ;D  oy  z  =  | \ t у z \ . . I^ t rе  opега to r s  / ,  aпd  p  1o '  у fu )  tu rn  ou t  t o  Ье  I , ( r )  -  

\ о ( ' t , y )  and
PуQ)  =  Q@)QQ)  As  a  сonsеquеnсе ,  1  -2 I , o@)+ Po{x )  =  B (x , y ) ,  t l r е  Bе rgп tаn  оpегa to r .

Dсf in i t iou 5 А pоir  ( ' ,  Ф с ! , .  х  1, .  z .s  сa l/er l  quas i . invегt iЬ lс  i f f  r  i s  quаs i - invегt iЬ lе in thе Jordan a lgebгаr
,  , t , , \l '1 , l .  . [ 'hе qt lаs l - ln\ .еrsе ry is  the quas i - invсгsс of  r  in V.

T l rеorепl  4 I 'or  ( , ,y)  с  V хV, thе fo l loшing сondi t ioпs ат 'e equiuаlеn|:
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1. the pаir  (x,у)  is  quas i - int lеr t ib lе ;

2.  the Bergmаn operаtor B(" ,у)  is  inuert ib lе ;

3 .  t hе re  e I i s l s  z  СV  such  tha t  В ( t , ! ) z  =  x  -Q{x )у  аnd

|.  the e lеmеn|2x _ Q(r)у l le longs to the rаnge of  B(x,у)

5.  N( r ,у )  + 0 .

B (x , у )Q ( z ) у  =  Q ( ' ) у  ,

;

If (r, y) is quasiinveгtiЬle, thе quasi-inveгse rv is given Ьy

r у  =  B ( r , у ) - , ( ' _  Q @ ) у )

If  , r ' i s  с lose to 0,  thеn , , :  DL,  t :( ' , ' ,v) ,1y l 'g1g 3(" ,v)  dеnotеs thе n_th polvег of  r  in thе Joгdan a lgеЬгa
1',.\'у )

Quasi_invегtibility has the follorving symmеtгy pгopeгty :

Proposit ion 3 ,4 pair (x,у) is quаsi- inuert ible i f f  (у, ')  is quаsi- inuert ible ; thеn у" = у * Qfu)xу .

4 Spесtral theory

;Еrom now on, И is a hегmitian positivе Joгdan triple system. I\{orеovеr, we will assumе that И is simplе'
that is И is not thе dirесt sum of tlvo non trivial suЬsystems with сomponеnt-wisе triplе produсt. Aп-r'
hегrnitian positivе Joгdan triple systеm is in faсt sеmisimple, that is thе diгесt sum of a finitе familу of
simple suЬsystеms.

An automorphism f , V * 1,. oГ thе Joгdan tгiple system И is a сomplсх l inеar isomoгplrisrrr
ргеsеrv i l rg t l rе tг ip lе produсt :  /{rr ,  r ' ' .  ш} = {f  ш, f  , ,  f  . \  Thе arr tomorрhims of  И foгm a gгouр. cс lotr lс l
Aut И,  ш'h iс l r  i s  a сotnpaсt L iе grouр ; lvе wi l l  dеnote Ьy 1r i ts  idеnt i ty сonrponеt l t .

Def in i t ion 6 Аn e lemеnl  c  СV is  со, l lеd tг ipotеnt i f  с  is  an idеmpotеnt in И(") ,  that  is  l f  {ccс} 
-  2c.

Propos i t ion4 I f  c  is  а tт ipo lеnt ' ,  |he opеrа|or D(с,c)  аnnih i lаtes thе polуnomiа lT(T _\)(T -  2) .

Dс f i n i t i o r r  7  Lе tе  hе  а  t r ' i pо tеп t '  I ' hе  dес : с lmpos i t i onV :  %(с )  еv l ( с )  ФV2(с ) ,  uhе rе |} ( с )  t s  t | t е
e igenspuсe V1Q) = { 'с ' l , ,  ;  D(c 'c)x = j r) ,  l s  са l lеd l ie  Pе i rсе dесorrrpos i t ion oГ 1, .  ( rv i th геsресt to thс
tr ipotent с) .

Dеf in i t iorr  8 . [ .u:o |rzpotеnls  c1 аIId с2 aт 'е сr l l lеd oгthogonal  i f  D(c1,cz)  = 0.

I f  с1 and с2 aге oгthogonal  tг ipotеrr ts .  thеn D(q,с11 and D(с2,  с2) сoпrrnutе and сt  * сz is  a]so a
tr ipotеnt.

Dеf in i t ion 9 А пon zеro lт ipotеnl  с  rs  pг iпr i t ive i f  i t  i s  not thе sum of non zеro oгthogonal  t r ipotеnts.
A tripotent с is maхirnal if thеrе is no non zеro tripotent orthogonal to с. A fгamе of И is a maхimal
Sеqrtеltсе (.', . . . , с.) oГ paiгrvisе oгthogonal priпritive tтipotеnts.

D e f i n i t i o n  L 0  L е t с  =  ( с 1 , . . . , с r )  b е  а  f r a m е .  F o r  0  1  i  1 .  j  1  r ,  l е t

И;(с )  = {*  с  v  ;  D(сk ' сц)х= 1а ,k+ф)* ,  r  l  k  l  r } :

thе deсomposi t ion V = Фo<,5i5.  \r ;1@) is  cа l led thе s i rnul tanеous Реiгсе dесorrrpos i t ion lv i th геspссt  to
the fraInе с.

Tlreoгem 5 I'еt V be а simplе hermitiо,n posil iuе Jordan
V. А l l  f rаmеs hnt,е thе sаr l tс  numbеr of  e lemеnts,  uhiсh
И1 = V;1@) of  lhe s imultanе()1LS Pеiгсe dеcoпtpos i t ion hаae
(0 < i ) ;  o, l lV; i ,s  (0 < i  < j)  hаue the sаmе dimеnsion ;  a l l

triplе sуslem. T,hen thеrе erist frапеs for
is equаl lo the ro,nk r of V. 1,he suЬspассs
the folloшing propeтties : Vq,) = 0 ; V;; = Qg'
Vgi ,s  (0 < i )  hauе lhе same dimension.  Thе

group Ii асls lrа,nsitiuelу on lhе mo,nifold, F of frames of V .
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Dеfinition |L The numeгiсal invaгiants o[ И are

a = dim И;i (0

D=d im%r

Thе gеnus of И is the numbeг defined Ьy

g=2+с( r_1 )*D .

Theorem 6 Let V bе а simple hermi|ian positiaе Jordan triple sуs|em, Thеn аnу r с V can bе шrittеn

|n 0,  un|que 1xау
д  =  ) l с t  *  \ z c z 1  . . .  1 , \ , с p ,

шhеre  \1  )  ) z  )  . . .  )  ) ,  )  0  аnd  C | 'С2 . . . ' cP  a rе  pa i rш i se  o r |hogonа l  l r i po tеn | s .  Thе '  е ' l еmen|  x  i s

r egu l а r  i f I  p  =  r  1  then  ( , ' , " , , . . . , c , )  i s  a  f r аmе  o f  V .

Dеf in i t ion L2 The dесompostt ton x = \tсt  * \zcz + . .  .+ А,c,  ls  cа l lеd spectra l  dесomposi t ion of  r .

Thе following pгoposition shows thе rеlation bеtwееn thе geneгiс minimal polynomial and thе еigen.

va lues At '  )z ,  .  .  . ,  } ,  of  a геgulaг e lemеnt э.

Propos i t ioъ 5 Le lV be o.  s imple hermit iаn pos i| loe Jordаn tr ip le sуstem' Le l  x * )rсr*)zсz* '  .  .*\ ,c ,

be lhe spectrа l  decomposi t ion of  а regular  e lеment x '  Then lhе genеr ic  min imal  polуnomiа l  at  (x,x)  is

m(T,r , r ;=J l1т_r] ;
t t '
i = 1

Thе folloшing idеntities hold :

dс t  B ( z ,  y )

t r  D (х '  y )

< j ) ,

i ) .

I'{ (' , у)n ,

I  mt\x,  A )

< i

(o<

5 Sсhmid dесomposit ion

Let V Ьe a sirnplе hегmitian positivе Joгdan triplе systеm. \\.е dеnotе ьу P(v) thе spaсе oГ сompleх

polynomia ls  on И. T} iе gгoup 1{ aсts natura l lу  on ?(У).

De f i n i t i on  !3  Fo r ,1  -  (n1 ,D2 , . , . , n r )  e  N r  t l i lД  n1  }  n2

compler polуnomiаI on V хV such Ihа1'  for  еасh regulаr  r  a i th spесtrа l  dеcomposi t ion r  = )  t  сt  * \ .zcz *
. . . * A . C . ,  l h е  u а l u с  o f  m l  o /  ( r ' с )  j s

mп(r,,) = D ^?:' ^?:, )::.

For у С V ,  шe denotе bу тnу1,у thе polуnomiа l  on V dеf inеd bу

аnd bу P,,{У) 'hе subspасe of P(v) ,,",:;:,,:,=,:;",:,,,o:is mn'y, у с V.

R e m а r k  L  L e t |  <  A  <  r  ; I e t u s  d е n o t е  Ь у  < k )  t h е  m u l l z - i n t e g е r  <  k  > -  ( . 1  , . . . 1 , 0 , . ' . , 0 ) .  T h e n

m<Ь> = rпр ,  the  homogеnеous  componеn|  o f  b i dеg rеe  ( t ' k )  o f  t hе  gеne r i с  no rm.

Tlrеorсrn 7 (Sсhrпid dеcomposi t ion) 7-hе spuсеP{У) admits \hе fo l lou; ing deсomposi t ion into i r reduс ib lе,

pa i rшise inеquiuаIenl  I i  -modulеs :
P(у) = ф z"tul.

n > 0

u l h е r , е r l >  o  f o r  n  -  ( r l 1 ' \ 2 , . . . , r r г )  €  N r  m e с n s  n 1  )  п 2 :  z  n ' )  0 -  М o r е o u e r ,  | h е  p o l у п o m i а l

m1 is  o гeproduсing keг i rе l  fo '  Pn(V),  whiсh rneans thегe is  an hегmit ian sсa laг produсt (  |)o.  P. ' (У)

suсh t}rat
mn( r , y )  -  ( -n ,* l -n , y ) .

4r6
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Lеt us сonsidег thе (antil inеar) isomoгphism rJ : И - V

- 1

definеd by

0 ( у ) @ )  =  m t ( r , a )  =  g - ' t г  D ( х ,  y ) .

Us ing th is  isomoгphism, we gеt an ant i l inеaг isomoгphism 9 :  P(У) * o*У, whеге Q- И is  thе

symmеtгiс algеЬгa of V. For n ) 0, lеt Ид = qQflv)) and oц : V - Иn С OInt И dеfinеd by

on(y) = сpomnу fu сv1.  Thе hегmit ian sсa laг pгoduсt (  |)  is  a lso tгansferгed fгom 2ц(У) to Ид :  thе

following геlation then holds :
mn(x , y )  =  (o1 ( r )1 " " ( y ) )

No tе  tha t  o3 ( r )  =  1and  tha t  б112 :V  +  И  i s  t hе  i den t i t y  map .

6 Compaсtifiсatiоn

6.1 Compaсtif iсation of an hеrmitian posit ive Joгdan triplе system

Thе following dеsсription of thе сompaсtifiсation has beеn givеn bу o. Loos. Lеt V Ье an HPJTS ; onе

сan dеfine an equivalenсe re]ation - an V x И Ьy

( ' , у )  -  ( ' , , у , )  g  ( ( r ' y  -  y , ) i squas i _ i nvег t i Ь l ek  х ,  =  хy -y , ) .

Roughly spеaking, this equivalеnсe геlation means I'! = I,!'. Lеt us denotе by [,, y] thе еquivalenсe сlass

of  (r ,у)  and Ьy Х the quot ient spaсe (V х V) l  - .

Theorem 8 There еt is ts  a шniquе structure of  smoolh а lgebrа ic  uаr iеtу on X suсh thаt ,  for  ео 'сh u €  V,

Хu = {[r ,  c]  ;  r  €  V} is  an opеn af f inе subuаr ie lу and |x,u] '* x is  аn isomorphism of Х,  on V.

Т}re i r r jссt ion J  Н [r '01 oГ И in Х wi l l  Ье сa l iеr l  thе сanoniсa l  сompaсt i f iсat ion of  I , r .

< * < r, wе wгite Vу for Vaу2 and oд fot oaу;'. Let W Ье

т т f  I  r
У !  =  t | 0 ( , t ( г  y

and с : !,/ _ P(l,И) thе пrap givеп Ьy

" ( , )  
*  

| 1 ,  r ,  с 2 ( t ) , .  .  . ,  o . ' ( , ) ]  .

.rl i": сoпlpaсtifiсation dсsсгiЬссl аЬovе has thеn the follorving projесtivе rеаlization.

Tlrеoгсlrrr 9 Lеt V bс a simplе IIPJTS of rаttk r. The closure of o(V) zs аn аlgebrаzс submаnzfold Х

o| Р(|\ ,) '  u|L iсh ls  isoпtoтphiс to X,  o,nd '  o :  V _ Я i ,  i ,o-o,phic to the саnoniса l  сompасt i f ; ,сr l t ioп

v _ x.

aГгorп oI1) wе idеntify Х lvith Х

6 .3  Vo lumeсomрuta t i ons

Lеt o Ьe thе Kahlег form on И assoсiatеdto thе hеrmit ian innег produсt m1

a  =  - О О T T I т .
2т

volumе foгm a' (n : dim И) ; thе volumе of thе unit Ьall assoсiated to пrt is thеn

6.2 Projeсt ive imbedding

Lеt И bе a simplе I{PJTS of гank r. For 0

thе suЬspaсе of Q- И dеfinеd bу

\\re еndorv И rru'ith thе
еqua l  t o  1 .

o l i  l , t r ,  = Ф0<Ё<"И, rve put

sсalaг produсts ( | ) on thе I,i
ЕuЬin i -Studу foгпr on P(W) :

t i rе heгmit iaтt  sсa laг pтoduсt (  |  )  rvh iсh is  the d iгeсt  suпr of  thr l  l reгrrr i t ian
's. Lеt Е bе dеfinеd on I4l Ьy F(z) = (, | ,) and let B bе tlrе assoсiatеtl

1 _

B = ^ 1) logF .
l т
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Foг a smooth suЬmanifo|<| Z oГ purе dimеnsiorr d in P(W), thе degгеe of Z in P(lи) is thеn givеn by

a"gz  =  [  gd .
J Z

In paгtiсulaг, thе degreе tn P(W) of the сompaсtifiсation Х of У is

d е g Х =  [  p " =  [  o - B " ,
J х  J v

as o(V) is an opеn dеnse suЬsеt of Х. Fгom thе dеfinition of .z and from thе relations mу(r,t) = (сд(r) |

oь ( " ) ) ,  i t  Гo l l ows  tha t

o*  0  =  
}aaьв(1  

+  r r r1 ( r ,  с )*  . . . *  m,{ r , I ) )  =  
*aa iog l { ( r ,  

- с )

Thе follorving pгoposition.a]lolvs us to сotrlpuLе o-B" (whеrе n = diпiИ).

Propos i t ion 6 The idеnt i tу

,  .  ^т '
\  

"-oo 
log lv  (x; ,

holds in the hermit ian pos i t iae Jordаn

Propos i t ion 7 Let

\ n

- , )  )  =  de t  B ( r ,  x ) - |  а "

triple sуstem V.

-  N ( t , " ) - e o "

Ф: . F x { }* )A с )

be |hе diffеomorphism defined bу

) } v ) l i _ У v l ]

т
Ф ( ( . , , .  . . , c , ) , ( ) r ' . .  . ,  ) . ) )  =  

| ц c l ;
j = 7

here f is thе mаnifold of frатnes of V and V"n lhe open densе subse| of rеgulаr elеmеnts of V . Thе

pu l l -back  o f  the  uo lumе e lemеnt  a"  bу  Ф i s

r

Ф*0'  =onf[ , l , ,D+'  I I  ( r ,? - r?) .  d) l^. . .d)г ,
j = \  1 ( A ( j ( г

uhеre a and b аre thе numer iсаI inaar iаn|s of  V аnd o is  a I i  - inuar iаnt uolumе form on V .

Dеfirrit ion 14 Lеt V be аn IIPJ,I,S. ?lre Ьoundеd s1.пrmеtгiс dоmain D assoсiatеd to l. is tlrс unit Ьall

of И foг thе spесiгal noтm, that is thс sеt of elеments r €  И rvhosе speсtгal dесompositron ts

r v i t h  1 )  ) r  )  A z  )  " ' )  ) p
invегse oГ еaсh othеr, by

x  =  \ t C t  *  \ z c z  *  . . . *  } p с p

> 0. \Vе dеfinе the геal analуtiс maps r! .. I,/ + D and t!, : D - V '

r9( r )  = B( r '  _ф_| lo '  = L) j (1  + l j )_I /2 , ,

i Г r  -  ) t с 1  *  \ z c z + . . .  +  ) , , c ,  С И  a n d

ф(')  = B(r ,  x)-| l  a  
"  

= f  , l ,1r  _ х|1-| l2 " ,

i f  r  -  ) 1 с 1  *  А z c z + . . .  +  \ , с ,  С  D .

Theoгerrr Lo The folloшing r'еlalions hold in а simplе HPJTS V of dimеnsion n аnd gетLuS g :

d -  ( , ,V ( r ,  - , ) , o " )  =  N( r ,  I ) -9_ "  аn  ,

ф-  (N( ' , , ) , o " )  =  y ' y ' ( r ,  _x ) - s_ ' on .

Taking s = 0 in thе last геlation and integгating ovег У, we gеt

Tlrеorеrrr L| Тhе uolime of lhе bound,еd, sуmmelriс domain D (with respесt to the noтmalzzed form а" )

is  equаI 
. to 

thе degrеe of  lhе сompаct i f icat ion X in P{W).

4 1 8
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7 opеn problems

1. lf onе looks oveг thе ехamplеs givеn Ьy thе сlаssifiсatton, onе сan

have a stгuсtrrrе of Jorс]an triplе systеm..suсh t}rat aу ..V - |/у is

is a polynomi.l *";й;;ыlЪ'а"" tгiplе systеms, tlrat is satisfiеs

sее that the Иt's (1 < fr < r)

homogeneous of degrее k an,7

iderrtiсally

whсrе Qь

2. Thеге aге
sеntatlon

o r (Q@)Й = Qу(oу ( r ) )  oр |ф ,

is thе qrradгattс opeгator foг Уl . Undеrstand this JTS stгuсtuте on И?

o thегpo l ynomia lmoгph i smso f Joтdan t r i p l е sys tеms , fo reхamp lе thеquad ra t i с геpге .
a

i

t
i

Q:V  -  Е nda (V )

lvhiсh is a quadтirtiс moгрhisп.r as shorr.п Ь1' thе fundarnеntal idеntitу

Q(Q( ')Y) = QP)Q@)Q@)'

Undегstand and сlassify homogеnеous polynomial moгphisms Ьеtweеn simple heгmitian positivе

Joгdan tгiple systеms?
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